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The global stability of a discrete population model of Volterra type is studied.
The model incorporates time delays and allows for a ﬂuctuating environment.
By linearization of the model at positive solutions and construction of Liapunov
functionals, sufﬁcient conditions are obtained to ensure a positive solution of the
model is stable and attracts all positive solutions.  2001 Elsevier Science
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1. INTRODUCTION
Global stability of a population model is of great interest in mathe-
matical biology. There is extensive literature related to this topic for dif-
ferential equation models (see papers [14–23, 28–33] and the references
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cited therein). In contrast, the studies for the global stability of popu-
lation models governed by difference equations focus their attention on
one-species models with or without time delays (see [2–12, 34–35] and the
papers cited therein). For many-species difference models, papers [13] and
[4–6] studied the permanence of models or extinction of populations. Few
papers investigate the global stability of positive equilibria of these mod-
els. In [1], we studied the global stability of a type of many-species discrete
model. However, the systems ignore the effect of more than one past gener-
ation. Note that recent studies of the dynamics of natural populations indi-
cate that the density-dependent population regulation probably takes place
over many generations (Crone [24], Turchin and Taylor [25], Turchin [26]).
We will consider the global stability of a model with time delays. The model
studied by this paper is
xik+1=xikexp
{
rik−
n∑
j=1
m∑
l=0
alijkxjk−l
}

 i=1

n
 (1.1)
where xik is the density of population i at the kth generation, rik is the
intrinsic growth rate of population i at the kth generation, and alijk mea-
sures the inﬂuence at the k− lth generation of population j on popula-
tion i. It is assumed that rik and alijk i
 j = 1
    
 n are bounded
sequences. The model studied in [24] is a special case of (1.1).
We now present some deﬁnitions and notations that will be used
throughout this paper. Let N denote the set of positive integers and let
Rn+ denote the nonnegative cone of R
n. We write x > 0 if x ∈ intRn+.
The norm of vector x ∈ Rn is 	x	 = ∑ni=1 
xi
. Denote by C the set of
all maps φ −m
−m + 1
    
 0 → Rn and by C+ the set of all maps
φ −m
−m + 1
    
 0 → Rn+ and designate the norm of an element
φ in C by 	φ	 = max	φi	  i = −m
−m + 1
    
 0. Let xk be
a sequence such that xk − j ∈ Rn
 j = −m
−m + 1
    
 0. We deﬁne
x˜k ∈ C by x˜kj = xk + j
 j = −m
−m + 1
    
 0. Due to the back-
ground of our model, we will choose C+ as an initial space for (1.1).
Suppose φ ∈ C+.
Deﬁnition 1. Let k0 be a nonnegative integer. We say that xk is
a solution of (1.1) through k0
 φ if xk0 + k = φk for k = −m
−m+
1
    
 0 and xk satisﬁes (1.1) for k ≥ k0 + 1.
Let xk be the solution of system (1.1) through 0
 φ with φ ∈ C+.
It is easy to see that xk > 0 for all k ∈ N if x0 > 0. Such solutions will
be called positive solutions of system (1.1).
Deﬁnition 2. We say that system (1.1) is strongly persistent if each pos-
itive solution xk of system (1.1) satisﬁes
lim inf
k→∞
xik > 0
 for i = 1
 2
    
 n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Deﬁnition 3. System (1.1) is said to be permanent if there are positive
constants M and ε such that each positive solution xk of system (1.1)
satisﬁes
ε ≤ lim inf
k→∞
xik ≤ lim sup
k→∞
xik ≤M
 for i = 1
 2
    
 n
Deﬁnition 4. Fix k0 ≥ 0. Let xk
 k0
 φ be the positive solution of
system (1.1) through k0
 φ and let xk
 k0
 ψ be the positive solution
of system (1.1) through k0
 ψ. For any  > 0, suppose that there is a δ > 0
such that if 	ψ − φ	 < δ, we have 	xk
 k0
 φ − xk
 k0
 ψ	 <  for all
k ≥ k0. Then we say that the solution xk
 k0
 φ is stable.
Deﬁnition 5. If each positive solution xk
 k0
 ϕ of system (1.1) sat-
isﬁes that 	xk
 k0
 ϕ − xk
 k0
 φ	 → 0 as k→∞, we say that the solu-
tion xk
 k0
 φ is globally attractive.
Deﬁnition 6. The solution xk
 k0
 φ is globally stable if it is stable
and is globally attractive.
Due to the background of our model, we will choose k0 = 0 when we
discuss the stability of a positive solution of (1.1).
The organization of this paper is the following. In the next section, we
state and prove the main result of this paper. In Section 3, the main result
is applied to two special population models.
2. MAIN RESULT
The purpose of this section is to present the sufﬁcient conditions that
ensure the global stability of positive solutions of (1.1), which is the main
result of this paper.
Theorem 1. Assume that
(i) There exist positive constants ν and ci such that
cia
0
iik > ci
m∑
l=1

aliik+ l
 +
n∑
j=1
 j =i
m∑
l=0
cj
aljik+ l
 + ν

i = 1
    
 n, for all large k.
(ii) System (1.1) is strongly persistent.
(iii) For any positive solution xk of system (1.1), we have
a0iikxik ≤ 1
 i = 1
    
 n
 for all large k
Then system (1.1) is globally asymptotically stable.
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Proof. Let x∗k be a positive solution of system (1.1). We prove
below that it is uniformly asymptotically stable. To this end, we introduce
the change of variables
uik = xik − x∗i k
 i = 1
    
 n
System (1.1) is then transformed into
uik+ 1 = xik exp
{
rik −
n∑
j=1
m∑
l=0
alijkxjk− l
}
−x∗i k exp
{
rik −
n∑
j=1
m∑
l=0
alijkx∗j k− l
}
=
[
uik + x∗i k exp
{
−
n∑
j=1
m∑
l=0
alijkujk− l
}
− x∗i k
]
× exp
{
rik −
n∑
j=1
m∑
l=0
alijkx∗j k− l
}


which can be rewritten as
uik+ 1 =
[
1− a0iikx∗i kuik −
m∑
l=1
aliikx∗i kuik− l
−
n∑
j=1
 j =i
m∑
l=0
alijkx∗i kujk− l + fik
 u˜k
]
× exp
{
rik −
n∑
j=1
m∑
l=0
alijkx∗j k− l
}

 i = 1
    
 n
 (2.1)
where
fik
 u˜k = uik
[
exp
{
−
n∑
j=1
m∑
l=0
alijkujk− l
}
− 1
]
+x∗i k
[
exp
{
−
n∑
j=1
m∑
l=0
alijkujk− l
}
− 1
+
n∑
j=1
m∑
l=0
alijkujk− l
]
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In view of system (1.1), one can transform (2.1) into
uik+ 1 = x∗i k+ 1
[
1− a0iikx∗i kuik/x∗i k −
m∑
l=1
aliikuik− l
−
n∑
j=1
 j =i
m∑
l=0
alijkujk− l + fik
 u˜k/x∗i k
]


i = 1
    
 n (2.2)
We are now in a position to prove that the zero solution of this system
is uniformly asymptotically stable in initial space C in which past histories
are speciﬁed. If we write (2.2) as uk + 1 = Pk
 u˜k, since P is contin-
uous, it is easy to check that it is sufﬁcient to discuss uniform stability of
the zero solution of (2.2) when k is large. This means that if the zero solu-
tion is uniformly asymptotically stable when k is large, the zero solution is
uniformly asymptotically stable for k ≥ 0.
If we set
g1ik
 u˜k =
[
exp
{
−
n∑
j=1
m∑
l=0
alijkujk− l
}
− 1
]/
x∗i k
g2ik
 u˜k = exp
{
−
n∑
j=1
m∑
l=0
alijkujk− l
}
− 1+
n∑
j=1
m∑
l=0
alijkujk− l

then fik
 u˜k/x∗i k = uikg1ik
 u˜k + g2ik
 u˜k. By Taylor’s formula,
we have
g2ik
 u˜k = 12 exp
{
−θ
n∑
j=1
m∑
l=0
alijkujk− l
}( n∑
j=1
m∑
l=0
alijkujk− l
)2


where 0 < θ < 1. Note that Hypotheses (i) and (iii) imply that the posi-
tive solutions of (1.1) are ultimately bounded. It follows that the solutions
of (2.2) are ultimately bounded. Note also that all of the alijk∞k=0 are
bounded sequences. There are positive constants M and k˜ ∈ N such that

g2ik
 u˜k
 ≤
M
c∗
n∑
j=1
m∑
l=0
ujk− l2 for all k ≥ k˜

where c∗ = maxc1
 c2
    
 cn and cj are positive constants given in (i).
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Let us deﬁne the functional V by
V k
 u˜k =
n∑
i=1
ci
uik/x∗i k

+
n∑
i=1
[
Bmi k
uik−m
 + Bm−1i k
uik− m− 1

+ · · · + B1i k
uik− 1

]
+nM
n∑
j=1
m∑
l=1
m+ 1− lujk− l2

where Bji k is deﬁned by
Alik =
n∑
j=1
cj
aljik
 l = 1
    
m

Bmi k = Ami k

Blik = Alik + Bl+1i k+ 1 l = m− 1
    
 1
Calculating the difference of V along the solution of system (2.2) and using
(iii), we obtain
#V = V k+ 1
 u˜k+1 − V k
 u˜k
≤ −
n∑
i=1
cia
0
iik
uik
 +
n∑
i=1
m∑
l=1
ci
aliik

uik− l

+
n∑
i=1
n∑
j=1
 j =i
m∑
l=0
ci
alijk

ujk− l
 +
n∑
i=1
B1i k+ 1
uik

−
n∑
i=1
m∑
l=1
Alik
uik− l
 +
n∑
i=1
ci
uik

g1ik
 u˜k

+nMm+ 1
n∑
j=1
ujk2
= −
n∑
i=1
cia
0
iik
uik
 +
n∑
i=1
n∑
j=1
 j =i
cj
a0jik

uik
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+
n∑
i=1
n∑
j=1
m∑
l=1
cj
aljik

uik− l
 +
n∑
i=1
B1i k+ 1
uik

−
n∑
i=1
m∑
l=1
Alik
uik− l
 +
n∑
i=1
ci
uik

g1ik
 u˜k

+nMm+ 1
n∑
j=1
ujk2
= −
n∑
i=1
cia
0
iik
uik
 +
n∑
i=1
n∑
j=1
 j =i
cj
a0jik

uik

+
n∑
i=1
m∑
l=1
Alik
uik− l
 +
n∑
i=1
B1i k+ 1
uik

−
n∑
i=1
m∑
l=1
Alik
uik− l
 +
n∑
i=1
ci
uik

g1ik
 u˜k

+nMm+ 1
n∑
j=1
ujk2
= −
n∑
i=1
cia
0
iik
uik
 +
n∑
i=1
n∑
j=1
 j =i
cj
a0jik

uik

+
n∑
i=1
B1i k+ 1
uik
 +
n∑
i=1
ci
uik

g1ik
 u˜k

+nMm+ 1
n∑
j=1
ujk2
By the deﬁnitions of B1i k+ 1, we have
B1i k+ 1 = A1i k+ 1 +A2i k+ 2 + · · · +Ami k+m
=
n∑
j=1
m∑
l=1
cj
aljik+ l

It follows that
#V ≤ −
n∑
i=1
cia0iik − ci
m∑
l=1

aliik+ l

−
n∑
j=1
 j =i
m∑
l=0
cj
aljik+ l
x∗i k
uik/x∗i k

+
n∑
i=1
ci
uik
 
g1ik
 u˜k
 + nMm+ 1
n∑
j=1
ujk2
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≤ −ν	uk	 +
n∑
i=1
ci
uik
 
g1ik
 u˜k

+nMm+ 1
n∑
j=1
ujk2 for all k ≥ k˜ (2.3)
Note that the assumption (ii) implies that 1/x∗i k, for each i, is bounded.
It follows that 	g1ik
φ	 converges, uniformly with respect to k ∈ N , to
zero as 	φ	 → 0. It follows that there is a positive constant β < 1 such
that if 	u˜k	 < β,
#V ≤ −ν	uk	/2 for all k ≥ k˜ (2.4)
We show below that this inequality implies that the solution u = 0 of (2.2)
is uniformly asymptotically stable. Set c = inf i ci. By assumptions (i), (ii),
and (iii), we see that there are positive constants x˜∗
 xˆ∗ such that
x˜∗ ≤ x∗i k ≤ xˆ∗
 i = 1
    
 n
for all k ≥ k˜−m, where k˜ > m. For any 0 <  < β, choose β1
 0 < β1 < ,
small enough such that for any k ≥ k˜,
V k
 u˜k < c/xˆ∗ if 	u˜k	 < β1
From (2.4) and the deﬁnition of V we have
c	uk+ i	/xˆ∗ ≤ V k+ i
 u˜k+i ≤ V k
 u˜k < c/xˆ∗
 i = 1
 2
    

for all k ≥ k˜. Consequently,
	uk+ i	 < 
 i = 1
 2
    
 for all k ≥ k˜
This proves the uniform stability.
Let u˜kj
 φ be the solution of (2.2) through j
 φ. In what follows, we
restrict j ≥ k˜ for convenience. By the uniform stability of u = 0, there
is a β0
 0 < β0 < β, such that 	u˜kj
 φ	 < β for all k ≥ j
 	φ	 < β0.
Furthermore, for any  > 0, there is a β
 0 < β < β0, such that
	u˜kj
 φ	 < 
 k ≥ j

if 	φ	 < β. Let us consider V j
 u˜jj
 φ = V j
 φ. By the deﬁnition of
V j
 φ, we see that there is a vβ0 such that V j
 φ < vβ0 if 	φ	 < β0.
Choose integer i0 such that
vβ0 − i0 − 1νβ/2 < 0
We claim that
	u˜kj
 φ	 < β for some j ≤ k ≤ j + 2i0m
 where m ≥ 1
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and
	u˜kj
 φ	 < β for some j ≤ k ≤ j + i0
 where m = 0
We only consider the case where m ≥ 1. Suppose the contrary. Then
	u˜kj
 φ	 ≥ β for all j ≤ k ≤ j + 2i0m. It follows that there
are ki
 j + 2i − 1m ≤ ki ≤ j + 2i − 1m
 i = 1
    
 i0, such that
	uj
 φki	 ≥ β. Note that (2.4) implies that
V ki + 1
 u˜ki+1j
 φ ≤ V ki
 u˜kij
 φ − νβ/2
 i = 1
    
 i0
By the choice of ki, we have ki + 1 ≤ ki+1. It follows from (2.4) that
V ki0
 u˜ki0 j
 φ ≤ V k1
 u˜k1j
 φ − i0 − 1νβ/2
≤ V j
 φ − i0 − 1νβ/2
≤ vβ0 − i0 − 1νβ/2 < 0
This contradiction proves the claim, and, therefore, there is a k¯
 j ≤ k¯ ≤
j + 2i0m, such that
	u˜k¯j
 φ	 < β
As a consequence,
	u˜kj
 φ	 <  for all k ≥ k¯
Thus, the trivial solution of (2.2) is uniformly asymptotically stable, and so
is the solution x∗k of (1.1).
We prove below that x∗k of (1.1) is globally stable. Note that it
is asymptotically stable. It sufﬁces to show that for any positive solution
x¯k of (1.1),
	x¯k − x∗k	 → 0 as k→∞
Choose a > 0 sufﬁciently small and b > 0 sufﬁciently large such that the
set R∗ deﬁned by
R∗ = {φ = φ1
 φ2
    
 φn ∈ C+ a ≤ φij ≤ b

j = −m
−m+ 1
    
 0
 i = 1
    
 n}
satisﬁes
φ∗ = {x∗−m
 x∗−m+ 1
    
 x∗0} ∈ R∗
φ¯ = {x¯−m
 x¯−m+ 1
    
 x¯0} ∈ R∗
For any φ ∈ R∗, let xk
φ denote the solution of the system (1.1)
through φ at k = 0. Note that the previous proof implies that the solution
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xk
φ is also uniformly asymptotically stable since the positive solu-
tion is arbitrarily given there. Hence, there exists a neighborhood Pφ of
point φ such that Pφ is a uniformly attracting region of xk
φ. Since
R∗ ⊂ ⋃φ∈R∗ Pφ, the ﬁnite covering theorem implies that there exist ﬁnite
neighborhoods Pφ1
 Pφ2
    
 Pφq such that R∗ ⊂ ⋃qi=1 Pφi. For
simplicity, since R∗ is connected, suppose φ∗ ∈ Pφ1
 φ¯ ∈ Pφq, and
Pφi ∩ Pφi+1 = 
 i = 1
    
 q− 1
Let φ∗i ∈ Pφi ∩ Pφi+1 i = 1
    
 q − 1. Since xk
φi is uniformly
asymptotically stable, it follows that for any  > 0, there exists a Ti > 0
such that for φ ∈ Pφi,
	xk
φi − xk
φ	 < /2q for k ≥ Ti

which implies
	xk
φi − xk
φ∗i 	 < /2q for k ≥ Ti
	xk
φi+1 − xk
φ∗i 	 < /2q for k ≥ Ti+1

where i = 1
    
 q− 1. Moreover,
	xk
φ1 − xk
φ∗	 < /2q for k ≥ T1
	xk
φq − xk
 φ¯	 < /2q for k ≥ Tq
It follows that
	x∗k − x¯k	 = 	xk
φ∗ − xk
 φ¯	 <  for k ≥
q∑
i=1
Ti
This completes the proof of Theorem 1.
Corollary 2. Let the assumptions of Theorem 1 hold. Suppose that there
is a positive integer T such that rik+ T  = rik
 alijk+ T  = alijk
 i
 j =
1
    
 n
 l = 0
    
m, for all k ∈ N . Then there exists a positive periodic
solution of (1.1) which is globally asymptotically stable.
Proof. Assumptions (i) and (iii) imply that the positive solution
of (1.1) is ultimately bounded. If we make a change of variables by
uik = lnxik
 i = 1
    
 n, the ultimate boundedness of positive solu-
tions of (1.1), together with the assumption of strong persistence, implies
that the new system is point dissipative. It follows from Theorem 4.3 of
[27] that there exists a periodic solution in the system, and, therefore, (1.1)
admits a positive periodic solution. Finally, Theorem 1 ensures that this
periodic solution is globally stable. The proof is completed.
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3. APPLICATIONS
The objective of this section is to apply Theorem 1 to two special popu-
lation models. First, let us consider
xk+ 1 = xk exp
{
rk −
m∑
l=0
alkxk− l
}

 (3.1)
where rk and alk
 l = 0
    
m, are bounded from below and from
above by positive constants for k ∈ N . Equation (3.1) is a simple time-
delayed extension of a discrete exponential model of population growth.
For the case where Equation (3.1) is reduced to the autonomous case and
if m = 1, local stability of its positive equilibrium and its bifurcations were
studied by [24]. We will focus our attention on the global stability of positive
solutions of (3.1) in the general case.
Set
b = sup
k
a0k/a0k− 1
Theorem 3. Assume that
(a) rk ≤ 1− lnb for all large k.
(b) a0k >∑ml=1 alk+ l + ν for all large k.
Then Eq. (3.1) is permanent and is globally asymptotically stable.
Proof. Let xk be a positive solution of Eq. (3.1). Note that
xk+ 1 < a0kxk exp{1− lnb − a0kxk}/a0k
for all large k

and note that the maximum of
f x = x exp1− lnb − x
 x ∈ 0
+∞

is 1/b. We have
xk+ 1 < 1/ba0k
Thus,
a0k+ 1xk+ 1 < a0k+ 1/ba0k ≤ 1
 for all large k (3.2)
This shows that condition (iii) of Theorem 1 is satisﬁed by Eq. (3.1).
We show below that Eq. (3.1) is permanent. Notice that (3.2) implies
that there is a positive constant M such that xk < M for all large k. It
sufﬁces to show that there is an  > 0 such that xk >  for all large k.
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Set
Bl = sup
k
alk
Ej =
m∑
l=j+1
Bl
r¯ = inf
k
rk
Deﬁne
V x˜k+1 = xk+ 1 exp
{
−
m−1∑
j=0
Ejxk− j
}
 (3.3)
Calculating V x˜k+1/V x˜k along the positive solutions of Eq. (3.1), we
have
V x˜k+1/V x˜k = xk+ 1 exp
{
−
m−1∑
j=0
Ejxk− j − xk− 1− j
}/
xk
= exp
{
rk −
m∑
l=0
alkxk− l − E0xk
+
m−1∑
j=1
Ej−1 − Ejxk− j + Em−1xk−m
}
≥ exp
{
r¯ −
m∑
l=0
Blxk− l − E0xk +
m−1∑
j=1
Bjxk− j
+ Bmxk−m
}
= exp
{
r¯ −
m∑
l=0
Blxk
}
 (3.4)
Let h = r¯/2∑ml=0 Bl. For each positive solution xk of Eq. (3.1), we
claim that it is impossible that xk ≤ h for all large k. If not, (3.4) implies
V x˜k → ∞ as k → ∞. This contradicts (3.3) because xk ≤ h for all
large k. Hence, there is a k1 ∈ N such that xk1 > h.
Set
h1 = h exp
{
−
m∑
j=0
BjM
}
h2 = h1 exp
{
−
m−1∑
j=0
EjM
}
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Evidently, h2 < h1 < h. We now claim that
xk ≥ h2 for all k > k1
Suppose not. There is a k2 > k1 such that xk2 < h2. It is easy to see that
there is a k˜
 k1 ≤ k˜ < k2, such that xk˜ ≥ h
 xk < h for k˜ < k ≤ k2.
Let us consider xk˜+ 1. It is easy to see from (3.1) and the deﬁnition of V
that xk˜+ 1 ≥ h1 and V x˜k˜+1 ≥ h2. Since xk < h for k˜+ 1 ≤ k ≤ k2,
by means of (3.4), we obtain
V x˜k2 ≥ V x˜k˜+1 ≥ h2
On the other hand, (3.3) implies
V x˜k2 ≤ xk2 < h2

a contradiction. Hence, (3.1) is permanent. Note that assumption (b)
implies that the condition (i) of Theorem 1 is satisﬁed. It follows that each
positive solution of Eq. (3.1) is globally stable. The proof is completed.
Corollary 4. Let the conditions of Theorem 3 be valid. If rk + T  =
rk
 alk + T  = alk
 k ∈ N
 l = 0
    
m, for some integer T , Eq. (3.1)
admits a positive periodic solution x∗k which is globally stable.
It is a direct consequence of Corollary 2.
Let us consider the competition model
x1k+ 1 = x1k exp
{
r1k −
m∑
l=0
al11kx1k− l
−
m∑
l=0
al12kx2k− l
}
x2k+ 1 = x2k exp
{
r2k −
m∑
l=0
al21kx1k− l
−
m∑
l=0
al22kx2k− l
}

 (3.5)
where rik and alijk
 i
 j = 1
 2
 l = 0
    
m, are nonnegative and
bounded for k ∈ N .
Set
r¯i = inf
k
rik rˆi = sup
k
rik
blij = inf
k
alijk Blij = sup
k
alijk
bij =
m∑
l=0
blij Bij =
m∑
l=0
Blij
160 wendi et al.
Lemma 5. Assume that
r¯2b11 − rˆ1B21 > 0
 r¯1b22 − rˆ2B12 > 0
b0ii > 0
 i = 1
 2
Then (3.5) is permanent.
The proof of this lemma is deferred to the end of this paper.
By applying Theorem 1 and Lemma 5 to (3.5), we obtain
Theorem 6. Suppose the assumptions of Lemma 5 hold. Assume further
(1) There are positive constants α1
 α2, and ν such that
α1a
0
11k >
m∑
l=1
α1a
l
11k+ l +
m∑
l=0
α2a
l
12k+ l + ν

α2a
0
22k >
m∑
l=1
α2a
l
22k+ l +
m∑
l=0
α1a
l
21k+ l + ν
(2) rik ≤ 1− lnbi for i = 1
 2
 where
bi = sup
k
a0iik/a0iik− 1
Then (3.5) admits a persistent positive solution which is globally stable.
By Theorem 6 and Corollary 2, we have
Corollary 7. If m = 0 in (3.5) and there is an integer T such that rik+
T  = rik
 a0ijk+ T  = a0ijk
 i
 j = 1
 2
 k ∈ N , then system (3.5) admits
a positive periodic solution which is globally stable provided that
(a) r¯2b
0
11 − rˆ1B021 > 0
 r¯1b022 − rˆ2B012 > 0.
(b) rik ≤ 1− lnbi
 i = 1
 2
 for all large k.
Remark. The continuous counterpart of (3.5) under the assumption of
Corollary 7 is
x′1t=x1r1t − a11tx1 − a12tx2
x′2t=x2r2t − a12tx1 − a22tx2

(3.6)
where all of the parameters are positive, continuous, and periodic functions
with common period T . Paper [33] has shown that if
r¯2a
l
11 − rˆ1am21 > 0
 r¯1al22 − rˆ2am12 > 0
 (3.7)
where
r¯i = min
t
rit rˆi = max
t
rit
alij = mint aijt a
m
ij = maxt aijt
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then (3.6) has a positive periodic solution which is globally stable. Clearly,
Corollary 7 states that the conditions of type (3.7) together with small
growth rates of populations and small ﬂuctuation of density dependent
coefﬁcients guarantee the global stability of the discrete model.
We are now in a position to state the proof of Lemma 5.
Proof of Lemma 5. Set
M1 = 1+ rˆ1 exprˆ1/b011
M2 = 1+ rˆ2 exprˆ2/b022
First, we claim that it is impossible that x1k ≥ 1+ rˆ1/b011 for all k ∈ N .
Suppose the contrary. We have
x1k+ 1 ≤ x1k exprˆ1 − b011x1k ≤ x1ke−1
It implies that x1k → 0 as k → ∞. Thus, there is a k1 ∈ N such that
x1k1 < 1 + rˆ1/b011. Note that 1 + rˆ1/b0 < 1 + rˆ1/b0erˆ1 = M1. We
have
x1k1 + 1 ≤ x1k1 exprˆ1 < 1+ rˆ1 exprˆ1/b011 =M1
We show below that x1k1 + 2 < M1. If x1k1 + 1 < 1+ rˆ1/b011, repeat-
ing the argument above leads to what we want. If x1k1 + 1 ≥ 1+ rˆ1/b011,
(3.5) implies
x1k1 + 2 ≤ x1k1 + 1e−1 < M1
Hence, x1k1 + 2 < M1 in either case. Then by induction, we see that
x1k < M1 for all k ≥ k1. Similarly, we see that there is a k2 such that
x2k < M2 for all k ≥ k2, where M2 = 1+ rˆ2 exprˆ2/b022.
Set
Cl1= b11Bl21 − B21bl11
Cl2= b11Bl22 − B21bl12
El1=
l∑
j=0
C
j
1
El2=
m∑
j=l+1
C
j
2
(3.8)
Deﬁne
V1x˜k+1 = x1k+ 1−B21x2k+ 1b11
× exp
(m−1∑
l=0
El1x1k− l −
m−1∑
l=0
El2x2k− l
)
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Calculating V1x˜k+1/V1x˜k along the positive solution of (3.5) and using
(3.8), one obtains
V1x˜k+1/V1x˜k = x1k+ 1/x1k−B21x2k+ 1/x2kb11
× exp
{m−1∑
l=0
El1x1k− l − x1k− 1− l
−
m−1∑
l=0
El2x2k− l − x2k− 1− l
}
≥ exp
{
r¯2b11 − rˆ1B21 + E01x1k
+
m−1∑
l=1
x1k− lEl1 − El−11  − Em−11 x1k−m
−E02x2k −
m−1∑
l=1
x2k− lEl2 − El−12 
+Em−12 x2k−m − b11
m∑
l=0
al21kx1k− l
− b11
m∑
l=0
al22kx2k− l + B21
m∑
l=0
al11kx1k− l
+ B21
m∑
l=0
al12kx2k− l
}
≥ exp
{
r¯2b11 − rˆ1B21 + C01x1k
+
m−1∑
l=1
x1k− lCl1 − Em−11 x1k−m
−E02x2k +
m−1∑
l=1
x2k− lCl2 + Cm2 x2k−m
+
m∑
l=0
B21bl11 − b11Bl21x1k− l
+
m∑
l=0
B21bl12 − b11Bl22x2k− l
}
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= exp{r¯2b11 − rˆ1B21 + B21bm11 − b11Bm21 − Em−11 x1k−m
−E02x2k + B21b012 − b11B022x2k
+Cm2 x2k−m + B21bm12 − b11Bm22x2k−m
}

Note that
B21b
m
11 − b11Bm21 − Em−11 = −Cm1 − Em−11 = −
m∑
l=0
Cl1 = 0
E02 + b11B022 − B21b012 = E02 + C02 =
m∑
l=0
Cl2
Cm2 + B21bm12 − b11Bm22 = 0
We have
V1x˜k+1 ≥ V1x˜k exp
{
r¯2b11 − rˆ1B21 −
m∑
l=0
Cl2x2k
}

Let h1 > 0 be small enough such that if x2k ≤ h1,
V1x˜k+1 ≥ V1x˜k expr¯2b11 − rˆ1B21/2
r¯2/2 −
m∑
l=0
al22kh1 ≥ r¯2/4
(3.9)
Set
Dl1 = b22Bl11 − B12bl21
Dl2 = b22Bl12 − B12bl22
Fl1 =
m∑
j=l+1
D
j
1
Fl2 =
l∑
j=0
D
j
2
Deﬁne functional V2 by
V2x˜k+1 = x1k+ 1b22 x2k+ 1−B12
× exp
(
−
m−1∑
l=0
Fl1x1k− l +
m−1∑
l=0
Fl2x2k− l
)
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Calculating V2x˜k+1/V2x˜k along the positive solution of (3.5) and simpli-
fying it by similar procedure as above, we see that there is an h2 > 0 such
that if x2k ≤ h2,
V2x˜k+1 ≥ V2x˜k expr¯1b22 − rˆ2B12/2
r¯1/2 −
m∑
l=0
al11kh2 ≥ r¯1/4
(3.10)
Remember that x1k < M1 and x2k < M2 for all large k. It follows
that there are positive constants si and Si such that
s1x1k−B21x2kb11 ≤V1x˜k ≤ S1x1k−B21x2kb11

s2x1kb22 x2k−B12 ≤V2x˜k ≤ S2x1kb22 x2k−B12
(3.11)
when k is large enough.
We claim that it is impossible that x2k ≤ h1 for all large k. Assume
the contrary. Then (3.9) implies that V1x˜k → +∞ as k→+∞. It follows
from (3.11) that x1k → 0 as k→∞. Thus, for all large k,
x2k+ 1 ≥ x2k exp
{
r¯2/2 −
m∑
l=0
al22kh1
}
≥ x2k expr¯2/4
Consequently, x2k → ∞ as k → ∞. We are led to a contradiction. This
proves the claim. Similarly, we see that it is impossible that x2k ≤ h2 for
all large k.
Set
h∗1 = h1 exp
{
−M1
m∑
l=0
Bl21 −M2
m∑
l=0
Bl22
}
h∗2 = h2 exp
{
−M1
m∑
l=0
Bl11 −M2
m∑
l=0
Bl12
}

It is easy to see from (3.5) that x2k ≥ h1 implies x2k + 1 ≥ h∗1 and
x1k ≥ h2 implies x1k+ 1 ≥ h∗2.
Let H1 > 0 and H2 > 0 be so small that
H1S1 < s1M
−B21
1 h∗1b11
H2S2 < s2M
−B12
2 h∗2b22 
We now claim
x1k−B21x2kb11 ≥ H1 for all large k (3.12)
Assume the contrary. There is a sequence ki
 ki → ∞ as k → ∞, such
that
x1ki−B21x2kib11 < H1
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which implies x2ki < h∗1. Note that it is impossible that x2k ≤ h1 for
all large k. There is a sequence k∗i  such that x2k∗i  > h1
 x2k ≤ h1 for
k∗i + 1 ≤ k ≤ ki. It is easy to see from (3.5) that x2k∗i + 1 > h∗1. By (3.9)
we have
V1x˜ki ≥ V1x˜k
∗
i+1 ≥ s1x1k∗i + 1−B21x2k∗i + 1b11
> s1M
−B21
1 h∗1b11 > H1S1
On the other hand,
V1x˜ki ≤ S1x1ki−B21x2kib11 < S1H1

a contradiction. This proves the claim. In a similar way, one can show
x1kb22 x2k−B12 ≥ H2 for all large k
 (3.13)
which, together with (3.12), implies
x1k ≥ HB121 Hb112 1/b11b22−B21B12
x2k ≥ Hb221 HB212 1/b11b22−B21B12
for all large k. Since they are independent of the choice of positive solutions
of (3.5), we conclude that (3.5) is permanent. The proof is completed.
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